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Abstract. Consider a family of smooth immersions F{-,t) : Af" of closed 

hypersurfaces in moving by the mean curvature flow '^^'^^^'^ = ~H{p, t) ■ t), for 

t G [0,r). In [3] Cooper has recently proved that the mean curvature blows up at the 
singular time T . We show that if the second fundamental form stays bounded from below 
all the way to T, then the scaling invariant mean curvature integral bound is enough to 
extend the flow past time T, and this integral bound is optimal in some sense explained 
below. 

1. Introduction 

Let be a compact n-dimensional hypersurface without boundary, and let Fq : 
M" ^ 1?"+^ be a smooth immersion of M'^ into M"+^. Consider a smooth one-parameter 
family of immersions 

satisfying 

i^(-,0)=Fo(-) 

and 

(1.1) = ~H{p,t)u{p,t) V(p,t) e M X [0,T). 

Here H(p, t) and t) denote the mean curvature and a choice of unit normal for the 
hypersurface Mf = F{M"',t) at F{p,t). We will sometimes also write x{p,t) = F{p,t) and 
refer to fll.ip as to the mean curvature flow equation. 

Without any special assumptions on Mq, the mean curvature flow flLip will in general 
develop singularities in finite time, characterized by a blow up of the second fundamental 
form A{-,t). 

Theorem 1.1 (Huisken [6]). Suppose T < oo is the first singularity time for a compact 
mean curvature flow. Then sup^j^ — > oo as t -^T. 

By the work of Huisken and Sinestrari [7j the blow up of H near a singularity is known 
for mean convex hypersurfaces. They also established lower bounds on the principal cur- 
vatures in this mean-convex setting. In [3], by a blowup argument. Cooper shows that 
the mean curvature being uniformly bounded up to T < oo is enough to extend the flow 
f lLip past time T. All those results motivate a natural question: what are the optimal 
conditions that will guarantee the existence of a smooth solution to the mean curvature 
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flow (O)? 

We will use the following notation throughout the whole paper, 

IK'||LP(Afx[o,T)) := ( / / \v\Pdfidt)p, 



1 



Mt 



for a function v{-,t) defined on M x [0,T). 
In this paper, we prove the following 

Theorem 1.2. Assume that for the mean curvature flow U.l\) . we have 
(i) A lower hound on the second fundamental form 

(1.2) > -Bg,, 

where B is a nonnegative numher. 

(a) An integral hound on the mean curvature 

(1-3) I|-^IIl"(Mx[0,T)) < 

for some a > n + 2. 

Then the flow can he extended past time T. 

In section 12] we will show the integral bound assumption fll.3p is optimal in certain sense. 

In [TT] Wang, extending a result of the second author proved the analogous result 
for the Ricci flow, namely that if the Ricci curvature is bounded from below, a uniform 
integral scalar curvature bound is enough to extend the Ricci flow past some finite time. 

As can be seen in the proof of Theorem 11.21 in Section [8], the actual conditions we need 
in lieu of (11.21) are the following 

(iii) A lower bound for the mean curvature 

H > —I for some / > 

and 

(iv) An upper bound for the squared second fundamental form in terms of a linear function 
of the squared mean curvature 

1^1^ < C^H^ + b for some C,, 6 > 0. 

These conditions can be verified in many situations, e.g, for mean convex intitial hypersur- 
faces (see Huisken and Sinestrari [7j) or more generally, all starshaped hypersurfaces 
and manifolds that can be obtained by buiding in small, concave dents into mean convex 
hypersurfaces (see Smoczyk [TO]). 

As a corollary we obtain the following result. 

Corollary 1.1. Let M" he a mean convex or a starshaped hypersurface in M""*"^. Assume 
we have 

\\H\\l<^(Mx[0,T)) < oo, 

for some a > n + 2, along the flow U.l\) . The flow can he extended past time T. 
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The proof of Theorem 11.21 is based on a blow-up argument, and the Moser iteration 
using the Michael-Simon inequality. By their inequality there is a uniform constant c^, 
depending only on n, such that for any nonnegative, function / on a hypersurface 
M C ]R"+\ the following holds 

(1.4) (/ f^^dft)'^<cj {\Vf\ + \H\f)df^. 

J M JM 

The paper is organized as follows. In Section 2, we introduce basic notations concerning 
evolving hypersurfaces and provide an example showing that the integral bound (11.31) in 
Theorem 1.2 is optimal to some extent. In Section 3, we establish a modified Michael- 
Simon inequality and Sobolev type inequalities for the mean curvature flow that can be of 
independent interest. Section 4 is devoted to a reverse Holder inequality for a subsolution 
to a parabolic equation changing during mean curvature flow. It turns out to be the key 
estimate for the Moser iteration process carried out in Section 5 (for the supercritical case) 
and Section 6 (for the critical case with a smallness condition). Then we bound uniformly 
the mean curvature in terms of its integral bounds in Section 7. In the final Section [HI we 
give the proof of the Main Theorem using a blow up argument. 



2. Preliminaries 

For any compact n-dimensional hypersurface M" which is smoothly embedded in 
1?"+^ by F : M" ^ M"^^ , let us denote by ^ = {gij) the induced metric, A = (hij) the 
second fundamental form, dfi = ^det (gij) dx the volume form, V the induced Levi-Civita 
connection and A the induced Laplacian. Then the mean curvature of M" is given by 

H = g'^K,. 

In [H] it has been computed that 

d 

T-dfi = —H^ dfi, 



= AH+\A\^H. 

ot 

To some extent, the constant a = n+2 appearing in Theorem ll.2l is optimal as illustrated 
by the following example. 

Example 2.1. Let M he the standard sphere S"^ which is immers edintoW^^ by Fq. Then 
the mean curvature flow with initial data M has a simple formula: F{-,t) = r(t)Fo(-) where 
r{t) = \/l — 2nt. Therefore T = ^ is the extinction time of this mean curvature flow. We 
have 



r(t) = V2n(T-t), if (t) 



n 
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Let us denote by Wn the area of S^. Compute, 

l|-^llLa(Mx[0,T)) = ( / [r{t)]'^Wndt 




dt \" { < oo ifa<n + 2 



(2n)^ Vio {T-t)'^) l = oo ifa>n + 2. 
Thus, the constant a in M.'J\) cannot he smaller than n + 2. 

Remark 2.1. When a = n + 2, the quantity ||-f^|liQ(7v/x[o t)) invariant under the folowing 
rescaling of the mean curvature flow ( (i.ij) ; 

F{p,t) = QFip,^), forQ>0. 

Remark 2.2. The characterization of the maximal time of existence of a solution to an 
evolution equation by the blow up of its scaling invariant quantities seems to be a ubiquitous 
phenomenon. Let us mention a couple of examples among many. In fluid dynamics, we 
have the celebrated Beale-Kato-Majda Theorem pQ which says that if the maximal time of 
existence of solutions to the incompressible Euler or Navier-Stokes equation is finite then 
necessarily the -^^^j^g-^RS norm of the vorticity blows up. In the cases of the Ricci and the 
mean curvature flow, in addition to controlling the scaling invariant quantities, we also 
need lower bounds on the Ricci curvature and the second fundamental form, respectively. 
For the incompressible Euler or Navier-Stokes equations, the divergence-free property of 
the velocity vector field plays a crucial role and is in some sense analogous to those lower 
bounds on the Ricci curvature and the second fundemantal form. 

3. SoBOLEV Inequalities for the Mean Curvature Flow 

In this section, we establish a version of Michael- Simon inequality, Lemma 13.11 that 
allows us to derive a Sobolev type inequality. Proposition 13. H for the mean curvature flow. 
This Sobolev inequality will be crucial for the Moser iteration in the next sections. The 
key step in the Moser iteration is the inequality fl4.14l) . 

The following lemma consists of a slightly modified Michael-Simon inequality whose 
proof is based on the original Michael-Simon inequality (11.41) together with the interpolation 
inequahties. 

Lemma 3.1. Let M be a compact n-dimensional hypersurface without boundary, which is 
smoothly embedded in M^^^ . Let 

n 



ifn>2 

(3.1) Q={ n-2 

< oo if n = 2 

Then, for all Lipschitz functions v on M, we have 

2 ^ ( ||2 , II rrll"+2 n ||2 



^'IIl2Q(a/) < C„, ( ||Vt'||^2(j;/) + ||-f/'||^„+2(M) ll^llL2(M) 
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where H is the mean curvature of M and Cn is a positive constant depending only on n. 
Proof. We only need to prove the lemma for v > 0. Applying Michael-Simon's inequality 

2{n-l) 

f ll.4p [8] to the function w = v "-2 , we get 



M 



V"-'^dfi < c„ I / |Vf I V"-'^dfi 



M 



2(n-l) 

\H\ V "-2 (i/X 



By Holder's inequality it follows that 



M 



< r" 



n-2 
n-1 



n 

I Vf I v^-^dfj, 



M 



M 



n-2 

2(n-l) \ 

\H\ V "-2 d/i 



M 



n — 2 

2{n-l) \ „_1 



where 

Thus 
(3.2) 

By Young's inequality 
(3.3) 



< C„ l^ll Vt;||^2(jv/) II'^IIl2Q(A/) + l|-^llL"+2(Af) ll^llL2m(A.f) 

( n — 2 71 n — 2 ^ 

II^^IIl2(M) lbllL2Q(M) + l|-^llL"+2(Af) ll'^llL2m(^.j) j ■ 

{n - l){n + 2) 



m 



(n -2)(n+ 1)' 



n-2 
n-1 



'^IIl2Q(M) ^ '^n ( II^^IIl2(M) II^IIl2<3(A/) + ll-^llL"+2(Af) II^IIl2'"(A/) 



ah = (e'/Pa)(e-'H) <— + < ea^ + e-^/ffo'?, 

p q 



where a, 6, e > 0, p, g > 1 and - + - = 1. If we apply it to (13. 2p . with 



and 

we obtain 

|2 



a = \\v 



1 



\hQ{M) ' ^ ~ I|V^IIl2(^j 



n-2 
n-1 
L2(A/) 



2(n-l) 2(n-l) 

e= , p=— q=— -■ 

2c„ n n — 2 



^'\\l^Q{M) + l|V^lli2(Af) + ll^ll£42(M) ll^lli2n.(M) 



Hence 
(3.4) 



\L'^Q{M) — 



< c„ WVv 



+ 11^112.-+. 



L2(Af) IP-' IIL"+2(A/) lrllL2m(jVf) y • 

Next, we will use the following interpolation inequality (see inequality (7.10) in [5]) 

(3.5) II'^^IIl'- — ^ II'^IIl'' + II'^IIl* 
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where t < r < s and 
Note that, in our case 

1 < m < Q, 

and therefore, by (13.51) 

(3-6) II^IIl2"i(m) — ^ II^IIl2«(m) + ^ "II^IIl2(m) 

where e > and 

(3.7) a — — 



Q — m n — 2 
Plugging (13.61) into the right hand side of (13.41) . we deduce that 

II'^IIl2Q(A/) — C„ II Vt'||^2(jv/) + Cn ||-f?^|l2"+2(A/) (^^ |K'|lL2Q(Af) + ^ " 11"^ llL2(Af) 

(3-8) < c„ ||Vv||j^2(j|//) + c„ ||if||2„+2(A/) (^^ II^IIl2Q(jv/) + ^ " IK'IIl2(a/)^ 

Now, we can absorb the term involving ||f ||i2Q(-A,/) into the left hand side of (13.81) by choosing 

1 n-2 

^2 _ ^ II rr||~^r^ 

^ 9„ II-" IIl"+2(A/) • 

Since ^^(1 + «) = n + 2, we obtain the desired inequality 

IK'IIl2Q(A./) ^ '^n II Vw||^2(A.f) + Cn || ifjl ^^+2(jv,j) || 1' || i2(jv,/) . 

□ 

Our Sobolev type inequality for the mean curvature flow is stated in the following 
proposition. 

Proposition 3.1. For all nonnegative Lip schitz functions v, one has 
(3.9) II 

I Il/3(Mx[0,T)) 

<^ II 11^/" /IIV7l|2 I lll|2 llH'll"+2 

'^"0<t<T "^"^'(*^') I ll^^'lli'(A^x[O.T)) + J5t<T ll^lli2(Aft) II-" IIl"+2(A/x[0,T)) 



where 3 := HlZLh^^ 

1^ n 

Proof. By Holder's inequality, we have 



/ v^^"^^^ dfidt = dt v'^v^''"-dn 

J Mt Jo JMt 



rp n — 2 , 2 

< dtl v^dfi) " ( / v'^dfi 

Jo KJaU J \JMt 

rT 
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Now, applying Lemma \3A[ we get 

\\v\f 

<Cn max llt^llt^^M.) (/ / I'^vlUfx dt + [ {j \H\^+^ d^i)\\v{-MlHM,)dt) 

— — \J •J Alt ^0 '1 Mt / 

<r II 11^/" I IIV7 l|2 I II ||2 ||r7-||n+2 

^"o<t<T 1 ll^'^llL2(Afx[0,T)) + g™^X ||t;||^2(Mt) N"" Nl"+2(Mx [0,T)) ) ' 

□ 

4. A Reverse Holder Inequality 

In this section, we establish a soft version of reverse Holder inequality for parabolic 
inequality during the mean curvature flow. Because of the blow up argument that we will 
use in the end, we should keep track of our constants in deriving the estimates, since we 
do not want them to blow up after taking the limit of the rescaled flow. Moreover, since 
we also need certain smallness conditions to carry out the Moser iteration, we do not want 
constants quantifying these smallness conditions to vanish after taking the limit of the 
rescaled flow. Here is the convention that we will use. 

Constants such as Co,Ci,C2, ■ ■ ■ will be defined. The constants with alphabetical sub- 
scripts Ca,Cb,--- depend on other constants with numerical subscripts Co,Ci,... in a 
controlled way, the former are increasing functions of the later. The 6-constants with nu- 
merical subscripts, such as 61,62, ■■■ depend on the constants with numerical subscripts 
Co, Ci, . . . , the former are decreasing functions of the latter. We will use those facts in the 
blow up argument in sectionl^ 

We start with the differential inequality 
(4.1) ^^^-A)v<fv, v>0 

where the function / has bounded L'^{M x [0,T))-norm with q > Let rj{t,x) be a 

smooth function with the property that 77(0, x) = for all x. 



I n+2 ^ 

lL"+2{Mx[0,T))y 



n+2 



Lemma 4.1. Let 

(4.2) Co = Co{q) = ||/||L.(A./x[o,r)), Ci = (1 + \\H\ 

P > 1 be a fixed number and q > Then there exists a positive constant Ca 

Ca{n,q,Co,Ci) such that 

(4.3) 



|l1{Mx[0,T))5 



where 

n + 2 
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and A(/3) is a positive constant depending on j3 such that A(/?) > 1 if P > 2 (e.g. we can 
choose A{f3) = 100(3). 

Remark 4.1. ^45 will be seen later, we can choose 



(4.5) 



Ca{n,q,Co,Ci) = (2c„CoCi 



Proof. We use rj^v^ ^ as a test function in the inequality 

dv 



It follows that, for any s G (0,T], we have 



(4.6) 



-^v)rj^v^-^diidt + 



'0 J Mt Jo JMt 

Note that, by integrating by parts 



dv 

at 



rj^v^-^d^idt < 



\f\Tfv^diidt. 



JMt 



(4.7) 



{-^v)r]^v^-Hii 



'Mt JMt 

Using the evolution of the volume form 

dtd^ = —H^dfi 
and recalling the properties of r/, we get 

1 r r d{v^^ - 



2 < Vv, Vt] > 7]v^-^dfi +{(3 -I) I v'^v^-^ \Vv\^ d^i. 

Mt 



Jm, 



^T]'^v^-^dfidt 



dt 



7] dfidt 



Jo JMt 



(4.8) 



13 JMt 

1 



v^dt{rfdii)dt 



Mt 



v^rj^dfi — 



dfidt. 



P J Ms (3 Jo JMt 

Therefore, we deduce from f l4.6l) - fl4.8l) the following inequality 

(4.9) f [ {2< Vv, Vr/ > 7]v^-^ + {(3- l)r/V-2 | V^;]^) dfidt + \ f vf^ifd^ 

Jo J Mt P J Ms 

I/I rfvf^diidt. 



JMt 



As will be seen later, because we can get good control of the quantity (-^ — A)rj for suitable 
choices of rj, it is more convenient to make this term appear on the right hand side of 04.91) . 
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Observe that, integrating by parts yields 



v^2ri—djjidt 




JMt 



dt 



/3 




JMt 



d 



v^2ri{— - A)ri + w^2r/Ar/) dfxdt 



dt 



\ lo L {"^'^'^^'^t " ^^"^ " 2V(A) Vr;^ d^dt 




< 



1^ Jo JM, 
1 



d 



dt 




d 




v'^2r]{^ - A)r]dfidt -I I 2r] < Vv, Vr/ > yf^'^dfidt. 

P Jo JMt Jo JMt 

Then (14 .yp imphes 

(4.10) / / (4< V^^Vr/>77^;^"^ + (/3-l)r/V"2|V^;|^)rf/irf^+^ / ^Vd/i 

Jo JMt P J Ms 



Using the Cauchy-Schwartz inequahty 
4 < Vt;, Vt] > r]v^~^diidt > -2e 

lo JMt 
we get from (14.101) . 





rfv^-'^ \Vv\"dfidt-^ 



dfidt 




|/|r/Vd^rft. 



JMt 



JMt 




v^\Vr]fdndt 



JMt 



(4.11) r [ {[3-1- 2£2)ry I V^;|' dfidt + \ I v^ifd^i 

Jo J Mt P J Ms 

diidt+ [ [ \f\r]'^v^dijdt+ ^ [ [ v^^ \S/ri\^ d^dt. 

Jo J Mt ^ Jo J Mt 



4/7 

P Jo JMt 



Choosing = ^-^ and observing that |V(w^/^)|^ = ^ |Vf |^ yield 



2(1 -i) f f rf\V{v'''^)\^d^idt+f v^rfdii 

P Jo J Mt J Ms 




'o JMt 



'dt 




lf3 



di2dt + (3 I I \f\rfv^dndt+ / tfi\V7]Ydndt. 

JMt P ~ 1 Jo J Mt 



Combining the previous estimate with 



|V(r/^^/2)f < 2r/2 \V{v^'^)? + 2v^ |Vr/f 
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implies 

P Jo J Alt 



Ms 



< 




JMt 



,d_ 



A)ri 



dfidt+P 




\f\r,\^diidt+l . 

'0 JMt P ~ J- P 




JMt 



It follows that, for some A(/3) > 1 (say A(/3) = 100/5 if /? > 2), 




'0 JMt 

<m 



<! 2r] 



v^rj'^dfi 



Ms 





<m 
= m 

Consequently, 

(4.12) 

and 

(4.13) 



'0 JMt 

,0 



JMt 



V^' < 27] 



,d_ 



,d_ 

A)7] 



A)7] 



\Vr]f\dndt+ [ [ \f\r]\^dijdt) 

J Jo JMt J 



|V77|' ll/IUnMx[o,T))||r/V|l ^ 




JMt 



< 2r] 



max 

o<s<r 



\Vr]\' } dfidt + Co\\r]'v 



'L^(A/x[0,T)) 



L9^(Afx[0,T)) 

=: A. 



Tfv'^d]! < A 



Ms 



r [ \V{r]v'^/^)\^dfidt < A. 

Jo JMt 



We are now in a position to apply Proposition 13. II to 77^^/^ and get the following estimates 



II 2 /3||(n+2)/n _ 1 1 /3/2 1 1 2(n+2)/n 



L2(™+2)/n(A//x[0,T)) 



- \W^'^\tlHMt) ( l|V(^^'^/')||i2(Mx[0,T)) + 



<c„A2/" {A + A\\H\\lt 



n+2 

+2(Mx[0,T)) 



max \\rjv 

0<t<T " 



n+2 



lL2(Mt) 



I n+2 

Il"+2(Mx[0,T)) 



CrtA—{l + \\H\\lt 



L"+'^(Mx[0,T))) 



Let S' := M X [0, T) and let the norm 1 1 ■ | |lp(a/x[o,t)) be shortly denoted by 1 1 ■ | Then 
the previous estimate, using a definition of A, can be rewritten as 



|?7^V'^|| n + 2 



(4.14) 



< c„A(l + 



CnClA(/3) 



I n+2 ^ 
Il"+2(S)^ 




JMt 



i 27] 



,d_ 



A)r] 



\V7]\'}d]idt + Co \\v V 



Since 1 < < by using the interpolation inequality 



— II ' IIl— (s) II ' I 
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[l-c„A(/3)CoCi£]||r7V||^^^^^ 



< c„CiA(/3) 
If we choose e 



2A(/3)c„CoCi ' ^^^^ 



I ' IIl— (s) 



< 2cnCiAif3) 



iLi(S) 



+ 



dt 



< Ca{n,q,Co,Ci)A{P) 



d 



v''ir]^ + \Vv\^ + 27]{—-A)r]) 



LHS) 



where Ca{n, q, Cq, Ci) = {2cnCoCiY^'^ . In conclusion, we get a soft reverse Holder inequal- 
ity 

d 



-A)7] 



□ 



5. The Moser Iteration Process for the Supercritical Case 

We will use the notation from previous sections. Consider the function v, which is a 
solution to (14. II) . where / G L'^{S). Assume q > which corresponds to a supercritical 
case. We will show in this case that an L°°-norm of v over a smaller set can be bounded 
by an L^-norm of f on a bigger set, where P > 2. Fix xq G JR^^^. Consider the following 
sets in space and time. 



D = Uo<t<i(5(xo, 1) n Mt); D' = Ui<,<i(5(xo, -) n M^). 

12 ^ 



Let us denote by 
where 

Then, 



Dk = Ut,<t<iiB{xo,rk)nMt) 
rk - - + tk - —(1 - -^)- 

1 2 

Pk := rk-i -rk = 4 - 4-1 = Pk- 



Let us choose a test function rjk = rik{t, x), following Ecker [1], of the form 
(5.1) Vk{t,x) = (fp^{t) X ipp^dx - xof). 



12 
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In (15. II) . the function tpp^^ satisfies 



1 iftfc<t<l, 
G [0, 1] if tk-i <t<tk, 
ift<4-i. 



and 



whereas in fl5.ip . the function ipp^^^s) satisfies 

I ifs>rti, 



G [0,1] ifr^<s<rti, 
1 if s < rl. 



and 

We have 
(5.2) 



Pk 



< ?7fc < 1; r^fc = 1 in Dfc; ?7fc = outside D 



k-l- 



Using the following identity for the mean curvature flow derived in Brakke [2] 



d . , , , 
^-A) |x-xo| 



(5.3) 

we can verify the following 
Lemma 5.1. 



(5.4) sup sup ( ?7fc(t,x) + |V?7A.-(i,a:)|^ + 2?7fc(t, x) 

te[0,l] xGMt 



-2n Vx G M 



^- A)77fc(t,x) 



< ^ = c„4 



fc+i 



The main result of this section is the following Harnack inequality in the supercritical 



case. 



Lemma 5.2. Consider the equation ( [^.i[ ) with T > 1. Let us denote by X = let 
q > and P > 2. Then, there exists a constant Cb = Cb{n, q, /5, Cq, Ci) such that 

(5-5) IK'IIloo(^') < Cb{n,q,(3,Co,Ci) \\v\\^^^^^ , 

and 

(5.6) II 

'^\\l°°{d') — Cb{n,q, /3,Co,Ci) ||f ||j^/3a'=(£)^) VA; > 1. 
In the above inequalities, Co and Ci are defined by i4-'^ - 
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Proof. If /3 > 2, then let A(/3) = 100/3. Note that r/^ = 1 on Dk and rjk = outside Dk^i 
by (E2D. Recall that S := M x [0,T). We have 



k''^|l n+2 



< 



IL— (S) 

< a(n,g,Co,Ci)A(/5)^+^ 

/O JMt 

< c„4^+ia(n,g,Co,Ci)A(/?)^+^ 



dfidt 



where Cz{n,q,Co,Ci) := 4^ x 100^"'"'^ c„ Ca(n, g, Co, Ci). In the above chain of inequalities, 
the second line follows from Lemma 14.11 the third line results from Lemma 15.11 and the 
definition of pk- For simphcity, let us denote by Cz = Cz{n,q,Co,Ci). Then the previous 
estimate can be written in the following form 



(5.7) 



fc-i 1+1/ 



This form of the reverse Holder inequality is the key estimate for our Moser iteration 
process. Let A = Then, replacing (3 by X^~^(3 in fl5.7p . one obtains 



(5.8) 



It follows by iteration that for all ko > 



< [Cz'p— 



(4/^ .X"i)^s=k,^, \\v\\ 



(5.9) 

where we choose 
(5.10) 



< a( n,q, (3,Cq,Ci) IK'II^/sa'^o^^)^ ^ 



smce 



A 



i=o 



AJ (A - 1)^ 



nin + 2) o 
4 



Note that Dq = D and D' C for all positive integer k. Thus 
(5.11) II 

'^\\lp^'''{d') — Cbin, q, /3, Cq, Ci) ||'i^||/^/3(/3y) — Cb{n, q, (3, Cq, Ci) \\v\\i.b(^£)) ■ 
Letting /c — > oo, we find that 



(5.12) 



n,q, P,Co,Ci) |K'||i^i(£)) 



If we fix a > 1, doing the above iteration process for / > k, letting / ^ oo we obtain 

(Km. □ 
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6. The Moser Iteration Process for the Critical Case 
In this section we will deal with the differential inequality 

(6.1) {^^-A)v<fv, v>0, 

where the function / is bounded in the L^{S) norm. In this case = Thus, 
we cannot absorb the term c„CiA(/3)Co ||?7^t;'^|| ^ appearing on the right hand side of 

^^^^ L"? (5) 

estimate fl4.14p into the left hand side of the same equation, which was the crucial estimate 
in obtaining the reverse Holder inequality fl5.7p . This inequality is the key estimate for 
performing the Moser iteration in the supercritical case. However if we assume a smallness 
condition on Cq = Co(^^), we have the following lemma. 

Lemma 6.1. Let (3 he a constant greater than 1. Then there exist two constants 5i(n, /3, Ci) 
and Cc{n, P,Ci) such that if 

(6.2) \\f\\^^i^^^<Sr{n,P,C,) 
then 

(6-3) \\v\\^n+i^^^^^ < Cc{n,p,Ci) ||w||i,5(^) . 



Proof. We will use f l4.14p with rj = rji, keeping in mind that the constant Co appearing on 
the right hand side of (14. 140 can be chosen to be ||/||i9(£)), where q = Since rji = 
outside D, we see that the term Jj^^^^^ \ f\ rjlv^d^dt can be bounded from above by 



D 



Thus, for 1] = r]i, the term Cq \ \t]Iv^\ 

by il/iL.p) hV^^ " 



9 m. A (defined in 04.141) ') can be replaced 



n+2 



Consequently, as g = and = we have 

(6-4) hyi^,^, 

d 



JMt 



'dt 



< c„CiA(/5) 

If we choose 
(6.5) 5i(n,ACi 

then from (16. 2p and (16.40 we get 

|hy||,^(^)<c„CiA(/3) 



Mt 



{ 2r] 



I V?7i I J djjdt 
1 

2c„CiA(/5)' 
d 



n + 2 



I Vl''^^ II "+2 



'dt 



A)r/i 



|V?7i| \ dj^dt . 
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By Lemma ETT 

(6.6) 

Hence 
(6.7) 



sup ( i]l + |V?7i|^ + 2?7i 



Pi 



-(D) 



{D) 



Now, recalling that ?7i = 1 on Z^i, we have 



I 11/3 



Thus 

where 
(6.8) 



I IIl— (Di) - II '1 



n + 2 

L-!^{D) 



< Cc{n,P,Ci) ||M||i/3(£,) , 
C,{n,P,C,) := (c„CiA(/3))^ . 



\V\\ i+2fl. 



□ 



7. Bounding the Mean Curvature 



In this section we will bound the mean curvature along the mean curvature flow in 
terms of | |in+2(5''), having that the second fundamental form is uniformly bounded from 
below and an extra smallness assumption. First we derive a differential inequality for the 
modified mean curvature H defined below. 



Lemma 7.1. Suppose that 
(7.1) 

Then, for 

one has 
(7.2) 



hij > —Bgij. 
H := H + nB>0 
dtH <AH + H^ + nB^H. 



Proof. Recall that the evolution equation of the mean curvature H ([U]) is, 
(7.3) dtH = AH +\Af H. 

Let Xi{i = 1, ■ ■ ■ ,77.) be the principle curvatures. Then Aj > —B and 

\Af = Xi + --- + Xl. 

Because \i + B > 0, one gets 

(Ai + 5)2 + . . . + (A„ + 5)2 < (Ai + 5 + ■ ■ ■ + A„ + Bf = {H + nBf = H^. 
That is 

\A\^ + 2BH + nB'^ < H^ 
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or, equivalently 

(7.4) \Af <H^- 2BH - nB^ = - 2B{H - nB) - nB"^ = H"^ - 2BH + nB"^. 
Now, by fl7.3p . we have 

dtH = dtH = +\A\^ H = + {H -nB)\A\^ 

< AH + H{H^ -2BH + nB^) 

< AH + H{H^ + nB^). 

□ 

Let Co, Ci be as in fl4.2p and Cc as in Lemma 16.11 Then, using Moser iteration, we can 
estabhsh a Harnack type inequahty for the mean curvature. 

Lemma 7.2. Suppose that 

(7.5) hij > -Bgij. 
Let 

(7.6) Cs := 2Cl{n,n + 2,Ci) (\\H\\l„^,,j,.+n'B^ + nB^ ||1|| \ , 

then there exist positive constants 62{n,Ci) and Cct{n,Ci,C^) such that if 

(7.7) ||i/||^„+2(£,) + B ||l||in+2(£,) < 52{n, Ci) 
then 

(7.8) \\H^\\^^^^,^<Ca{n,C^,CMH\\L "+2(D) + B ||l||^„+2(£,)). 

Proof. Let H = H + nB > 0. Then, by Lemma [7. II 

(7.9) dtH <AH + fH, where f = H^ + nB^. 
We have 



L^(D) Jq JMtnB(xo,l) 



[h^ + uB^^ ' d^idt 



< On [ [ {H""^^ + B''+^)dfidt 

Jo JAhnBixo,!) 
1 

n+2 I Tjn+2-s 



< On {\H\^^' + B^+')dfldt 

Jo JMtnBixo,!) 

— n II ^711"+^ _L ^ R"+2 in ||"+2 

— ll-n ||j;^n+2p) -|- C„-D \\^\\L^+'i(^D) 

/ \ n+2 

< C„(^||i7||^„+2(B)+fi||l||i„+2(^)j . 



It follows that 



L^(D) - (|I-^IIl"+2(D) + ^ II-^IIL"+2(D) 
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Let us choose 
(7.10) 



52{n,Ci 



(5f(n,n + 2,Ci) 



where 6i{n, l3,Ci) has been defined in the proof of Lemma [6. II Then, if 



I-^IIl"+2(d) + ^ 



one has 



^2+2^^^ < 6i{n,n + 2,Ci] 



This means we are in the critical case {q = having a smallness assumption fl6.2p 

satisfied. Hence, we can apply (16. 3p with j3 = n + 2 to obtain 



l(t^)("+2)(Z)i) 



H 



(7.11) H 
This inequality brings us to the supercritical case for (17. 9p . In fact, let 



,n + 2, ,n + 2, n + 2 
Then we can bound / in |H|/^qf£)^) by C3 defined by (17.61) . Indeed, using (17. lip we get 



Li{Di) 



< 



2 



Li{Di) 
Li(Di) 



H 



n+2 + nB' 



(n + 2)2 
L 2n (Di) 



< C2(n,n + 2,Ci) 



< 2Cl{n,n + 2,C{] 



H 



nB' 



(n+2)2 
L 2n (D) 



IWII^ I ^2r2 

l-n II ^n+2(£)) -T n -D 



+ nB^ 



(n + 2)2 



Thus, we can use (15.60 with A 



n+2 



/5 = 77, + 2 and k = 1 to obtain 



H 



, < Ct{n,q,n + 2,Cs,C,] 

L°°(D') 



H 



< Ct{n,q,n + 2,Cs,Ci)C,{n,n + 2,C^) 



H 



L"+^{D) 



Noting that 



L°°(z)') — 



H 



L°°(D') 



we finally obtain the desired estimate 



^^(^') < a(ri,g,n + 2,C3,Ci)Ce(n,n + 2,Ci) 



H 



< nC,{n, q,n + 2, C3, C,)C,{n, n + 2, C^)i\\H\\^^^,^^^ + B 
= Cd{n, Ci, C3)(||if||^„+2p) + B ||l||^„+2(^)). 



L"+2(D) 
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where 

(7.12) Crf(n, Cu C3) := nCtin, g, n + 2, C3, n + 2, C,). 

□ 

8. Proof of the Main Theorem 
In this section, we give the proof of the main Theorem II .21 stated in the introduction. 

Proof of Theorem \l.^ Since ||-f^|lL<:«(7v/x[o t)) ^ imphes that ||if||^„+2(-j,^^[Q y^-, < cxd if 
a > n + 2, we only need to prove the Theorem for a = n + 2. 

We argue by contradiction. Suppose that T is the extinction time of the flow. Then, 
by Theorem ll.il |v4| is unbounded. It follows from fll.2p that we have fl7.4|] . 

|yl|2 < ^2 _ + nB'^ <H^ + nB^ = (H + nBf + 

and thus \H\ is unbounded. Because H > —nB, we know that is unbounded. There- 
fore, there exists a sequence of points {xi,ti) with Xj G M^- such that 

(8.1) Qi := H{xi,ti) = max maxH{x,t) +00. 

0<t<ti x£Mt 

Consider the sequence Ml of rescaled solutions for t G [0, 1] defined by 

t - 1. 



Fi{-,t) = QiF{-,U + 



If g^H and A := {/ijfc} are the induced metric, the mean curvature and the second fun- 
damental form of M(, respectively, then the corresponding rescaled quantities are given 
by 

~ 2 |4P 
A, 



U 

9i = Qh'^ Hi = — ; 



It follows from (18. ip and (11.20 that, for the rescaled solutions we have 

H^ix,, 1) = 1 

and 

Ai > -yr9i- 
Consider the following sets in space and time 

& = Uo<t<i{B{x,, 1) n (M,)t); (D')' = u^<,<i(fi(x„ i) n (m,)*). 

12 2 
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.2) lim 




B 



ii/r+^ci/idt 



1 

n + 2 



1 

n + 2 



B 



dfJidt 




H\"'^'^ dfidt 



The last step follows from the facts that 

in+2 



. n + 2 




n + 2 




) -1 


i i dfidt 















\H\ dfidt < oo; 



JM, 



dfidt < oo 



J Pit 



and 



1™ 7^ = 0- 



Consequently, there is a universal constant C > 1 such that, for our rescaled flows, the 
constants 



q = (1 + 



n+2 



n + 2 



n + 2 



L"+2(MiX [0,1]) 



H\^~^'^ dfidt 



Mt 



satisfy 
(8.3) 



1<C\<C. 



By our choice of the constants 52{n, C{), which are decreasing in the second variable (follows 
from f l6.5p and (17.101) ). we obtain 

62{n,C{)>62{n,C)>Q. 

Hence, recalling (18.21) . we have for i sufficiently large. 



(8.4) 

Thus, by Lemma [7.21 



B 

,n + 2(5,)+g-||l|l^-P')^^^(-'^^)- 



.5) 



L°=((D')') 



B 



111 



On the one hand, we can also check that, for our rescaled flows, the constants 

- ini|2._,„,^... 



R2 
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satisfy 

(8.6) Cl < C. 

This easily follows from fl6.8p and (18.31) . On the other hand, by our choice of the constants 
Cd{ri,-,-), which are increasing in the second and third variables (by (17.121) . (15.101) . (16. 8p 
and (17.61) ). since we have (18.31) and (18. 6p we obtain 

C,{n,ClCi,)<C,{n,C,C)<oo. 

As a result, we deduce from (18.51) that 

B 



(8.7) 



L°°{{Di)') 



- + ^ 



Il"+2(d») 



Letting z — > oo in (18.71) . and recalling (18.21) . we find that 



lim 

j— »oo 



0. 



> HAxi,l) = 1 for all i. The proof of our 

L°°((D»)') 

□ 



L°°((D»)') 

This is a contradiction because 

Main Theorem is complete. 

We will give a proof of Corollary 11.11 

Proof of Corollary In both cases, the mean convex case and the starshaped case we 
have 

(i) A lower bound for the mean curvature 

H > —I for some / > 

and 

(ii) An upper bound for the squared second fundamental form in terms of a linear function 
of the squared mean curvature 

\Af < C,H^ + b for some C„ b>0. 

In the mean convex case (ii) follows from [7] and in the starshaped case, both (i) and (ii) 
follow from [TU], for some uniform constants C*, b, I. Choose k large enough so that k > 21 
and {k — l)"^ > b which imply, for H = H + k, 

H>1 ^ {H - kf < H^, 
H"^ >{k - If >b, and therefore, 
\A\^ < C,H^ + b = C,{H -kf + b< C,H\ 
for a uniform constant C^,. It easily follows that 

dtH <AH + C^H^. 

As can be seen from the proofs of Lemma [721 and Theorem 8.1, this differential inequality 
combined with the integral bound (11.31) of the mean curvature in Theorem 1.2 allows us to 
extend the mean curvature flow past time T. □ 
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